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ESTIMATION OF POPULATION MEAN AT CURRENT
OCCASION IN PRESENCE OF SEVERAL VARYING
AUXILIARY VARIATES IN TWO-OCCASION
SUCCESSIVE SAMPLING

G. N. Singh, Kumari Priyanka'

ABSTRACT

The present work intended to emphasize the role of several varying auxiliary
variates at both the occasions to improve the precision of estimates at current
occasion in two-occasion successive sampling. Two different efficient estimators
are proposed and their theoretical properties are examined. Relative comparison
of efficiencies of the proposed estimators with the sample mean estimator when
there is no matching from previous occasion, and the optimum successive
sampling estimator when no auxiliary information is used have been
incorporated. Empirical studies are significantly justifying the composition
of proposed estimators.

Key words: Successive sampling, varying auxiliary variates, optimum
replacement policy, bias, mean square error.

1. Introduction

There are many practical instances, where the survey often needs to be
repeated many times. The aim of a repeated survey is to allow one or more items
to be monitored over time. For survey design purposes this aim has often been
simplified to two objectives: good estimates of the item for each occasion, and
good estimates of change from occasion to occasion. The follow-up of these
objectives is achieved by mean of sampling on successive occasions according to
a specified rule, with partial replacement of units, called successive sampling. A
key issue is the extent to which elements sampled at a previous occasion should
be retained in the sample selected at the current occasion; this is termed as
optimum replacement policy.
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The problem of sampling on two successive occasions with a partial
replacement of units was first considered by Jessen (1942). Estimation on more
than two occasions is due to Patterson (1950). Patterson’s theory was examined
and extended by Eckler (1955), Rao and Graham (1964), Cochran (1977), Gupta
(1979), Das (1982), Chaturvedi and Tripathi (1983), among others. Sen (1971)
developed estimators for the population mean on the current occasion using
information on two auxiliary variates available on previous occasion. Sen (1972,
73) extended his work for more than two auxiliary variates. In addition to the
information from previous occasion, Singh et al. (1991) and Singh and Singh
(2001) used an additional auxiliary information on current occasion for estimating
the current population mean in two-occasion successive sampling. Singh (2003)
extended this methodology for h-occasions successive sampling.

In many situations, information on an auxiliary variate may be readily
available on the first as well as on the second occasion, for example tonnage (or
seat capacity) of each vehicle or ship is known in survey sampling of
transportation, number of polluting industries is known in environmental survey.
Many other situations in biological (life) sciences could be explored to show the
benefits of the present study. Utilizing the auxiliary information available for both
the occasions Feng and Zou (1997), Biradar and Singh (2001), Singh (2005),
Singh and Priyanka (2006, 2007, 2008 a, b) have proposed several chain-type
ratio, difference and regression estimators for estimating the population mean at
current (second) occasion in two-occasion successive sampling.

Following the works of Singh and Priyanka (2008 a, b), the objective of the
present work is to propose estimators for estimating the population mean at
current occasion using several varying auxiliary variates available at both the
occasions. Chain-type difference and regression estimators are proposed, utilizing
p-dynamic auxiliary variates. Practicability of the proposed estimator has been
discussed. A relative comparison of efficiencies of the proposed estimators with
the sample mean estimator when there is no matching from previous occasion,
and the optimum successive sampling estimator when no auxiliary information
has been used is discussed. Empirical studies show highly significant gains for the
proposed estimators.

2. Formulation of Estimator

2.1.Notations

Let the character under study on the first (second) occasion be denoted by x
(y). It is assumed that information on p (non negative integer constant) auxiliary
variates zjj (zy), Jj = 1, 2, - - -, p whose population means are known, are
available on the first (second) occasion respectively. The auxiliary variates z;;
(z,)), are correlated to x and y on the first and second occasions respectively. For
convenience, it is assumed that the population under consideration is considerably
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large enough. A simple random sample (without replacement) of n units is taken
on the first occasion. A random sub-sample of m = n A units is retained (matched)
for its use on the second occasion, while a fresh simple random sample (without
replacement) of u = (n - m) = nJl units is drawn on the second occasion from the
non-sampled units of the population so that the sample size on the second
occasion is also n. A and W are the non-negative fractions of matched and fresh
samples respectively at the current (second) occasion such that A+ p =1. Hence

onwards the following notations are employed:
X, Y . Population means of the study variate x and y respectively.
z
and second occasion respectively.

Xs Xis Yo Yo Zins Zimjs Zomjs Zayj - Sample means of the respective variates

i ZZJ Population means of the j (j =1, 2, - - -, p) auxiliary variates at first

of the sample sizes shown in suffices, where j=1, 2, - - -, p.

Pyxs Pxatjs Pyatjs Patjmas Pxajs Pysj:  Correlation  coefficients  between  the
variates shown in suffices, where j=1, 2, - - -, p.

Sz, 82 S;J, S2, ; Population mean squares of x, y, zjjand z5; j = 1, 2, - - -, p)
respectively.

fpc: Finite population correction

2.2.Formulation of the Estimator T

To estimate the population mean Y on the second occasion, utilizing
information on p varying auxiliary variates, two different estimators are
suggested. One is a difference estimator based on sample of size u = (n p) drawn
afresh on the second occasion and given by

P —
:yu—'— szZZj(ZZj -EZuj) (1)
j=1

Second estimator is a chain-type difference to difference estimator based on
the sample of size m (= n A) common with both the occasions and defined as

T,=¥,+ By, (X, -X,,) )

p —
where y. =5, + z By (ZZj ~ Zymi )

i=1

Mc

X =X, +

XZl_] ( - Zlnj)
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p
—_k J— — J—
X=Xt D B (Zy - Ziny)
in1

and By, Pxzij and Pynj G = 1, 2, - - -, p) are known population regression
coefficients between the variates shown in suffices. We assume that these
population regression coefficients are known from past surveys or may be known
through a pilot survey.

Combining the estimators T; and T,, we have the final estimator of Y as
T=0¢T+ (1 -(p)T2 3)

where ¢ is an unknown constant to be determined so as to minimize the variance
of the estimator T.

Remark 2.1: For estimating the mean on each occasion the estimator T, is
suitable, which implies that more belief on T, could be shown by choosing ¢ as 1

(or close to 1), while for estimating the change from one occasion to the next, the
estimator T, could be more useful so ¢ might be chosen as 0 (or close to 0). For

asserting both the problems simultaneously, the suitable (optimum) choice of ¢ is
required.

2.3.Estimator T in Practice

The main difficulty in using the estimator T, is the non-availability of
population regression coefficientsf3,,,;, B, andf ;. Under such situations, the

following working version of estimator T may be considered.

A=y A+ (1-y)A, 4)

D = o sk ek
where A=Yy, + Z:byzzj(u)(z2j - EZuj) and A=y, +b, (m)(x11 - xm)

i=1

p —
where §, =y,_+ Zbyz2j (m) (sz' zzmj)

j=1

Yy is an unknown constant to be determined so that it minimizes the mean

yz2j (u)’ byx(m)’ bysz (m)ﬂ blej (n) and blej (m)

square error of the estimator A, b
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are the sample regression coefficients between the variates shown in suffices and
based on the sample sizes indicated in the braces, where j=1, 2, -- -, p.

2.4.Particular Cases

Case 1: If p = 1, estimators T and A defined in equations (3) and (4)
respectively reduces to the estimators proposed by Priyanka (2008).

Case 2: If the auxiliary variates considered over the two-occasion are not
changing much rapidly over time, i.e., z;j = z; = zj (say), then the estimator T
defined in equation (3) reduces to Singh and Priyanka (2008 b) estimator.

3. Properties of the Estimator T

Theorem 3.1: T is an unbiased estimator of Y .

Proof: Since T, and T, are difference type estimators, they are unbiased forY .
The final estimator T is a convex linear combination of Ty and T,, therefore, T is

also an unbiased estimator of Y .
Theorem 3.2: The variance of the estimator T (ignoring fpc) is given by

V(T) =¢*V(T,) + (1-9)" V(T,) (5)
1 - 2 - 2
V(Tl) =—|1- Zpy22j+ Z Pyrj Pyak Pajuax Sy (6)
u i=1 j k=1
1 P p
V(Tz) =|—|1- Zpyz2j+ z Pyai Pyox Pajox
m i=1 j k=1
1 l ) P ) p
+ E - E " Pyx l+szz1j +2 Pyx Z{plejpyzlj T PyaiPrnj - pyz2jplejpz2jzlj}
im im1
p
+ Z {pixplej Pyzik Pajzix '2pyxpyz2j Pk pszzlk}j:Isi (7)
jrk=1

Proof: It is clear that the variance of the estimator T is given by
V(T) =*V(T) + (1-0)" V(T,) +2¢(1-9)Cov(T,,T,)  (8)

Variance and covariance terms of equation (8) can be derived as
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1 1

_ p p
V(Tl) :E[Tl 'Y:' = (; - ﬁj(l - Z:lpizzjf Z Pyai Pyox pszsz] Si 9)
i

j#k=1

V() =E[T, - VT = B[ 9)+Buf(Ri-X) - (52 )]

Taking expectation we get the variance of T, as

1 1 p p
V(T2) = |:(; - EJ(I - Zpiﬁj-l_ z pyz2j pysz pszszJ

j=1 j#k=1

1 1 p p
+ (E - HJL' Pf,x [l+zpi21jJ +2 pyxZ{plejpyzlj T PyniPxni - pyz2jplejpz2jzlj}
o o

j#2k=1

P
+4 z {pi’xplej Ptk Patizik = 2P yxPysi Praik pszzlk}ji|S§/ (10)

Since the estimators T, and T, are unbiased estimators based on two
independent samples of sizes u and m respectively,

Cov (T, T>) =0 (11)

Further, we consider population size is sufficiently large, therefore, finite
population corrections (fpc) are ignored.

Applying the above assumption in the equations (9) and (10), we get the
expressions for the variances of the estimators T, and T, as given in equations (6)
and (7) respectively.

Now, substituting the values of V (T), V (T,) and Cov (T}, T5) in equation (8)
we get the V (T) as in equation (5).

Since variance of the estimator T in equation (5) is a function of the unknown
constant @, it is minimized with respect to ¢ and subsequently the optimum

value of ¢ is obtained as

V(Ty)
V(L) +V(T,)

(popt.: (12)
Substituting this optimum value ¢ in equation (5) we obtain the minimum
variance of T with respect to ¢ as

vy, - @V

= (13)
V(T) + V(T,)
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Further, substituting the values from equations (6) and (7) in equation (13),

the simplified value of V(T),, is obtained as shown below in theorem 3.3.

Theorem 3.3: The V(T)_, is derived as

opt.

\ (T)opt. -

A[A+P~B] 2
ikl S st BN 14
n[A+pB| " (19

p p
Where A = (1 - Zpizzﬁ Z Pyni Pyox pszszj’
i=1

j#k=1

p p
B= l:' pf/x (H’z pizlj] +2 pyxz{plejpyzlj T PyaiPrnj - pyz2jplejp22jzlj}
=1 =1

L u
+ Z {pixplej Pxzik Pajaik = ZpyxpyZZj Pk pzzjzlk}J:|’ and H(: _j-

jzk=1 n
Corollary 3.1: If there is complete matching, i.e., L =0 then

V(T)Opt_ - S, (15)

Corollary 3.2: If there is no matching, i.e., L = 1 then

ASz

y

V(T)opt = (16)

n

In both the cases V(T)Opt' has the same value, this gives an implication that
there must be an optimum choice of  other than extreme values so that
V(T)Oph will be smaller than the quantity given in equations (15) or (16). Thus,

for making current estimate (neither the case of “complete matching” nor the case
of “no matching”) better, it is always preferable to replace the sample partially.
For such situation a sensible strategy is to look for an optimum choice of p, which
is an important factor in reducing the cost of the survey.

Hence, V (T) o defined in equation (14) is minimized with respect to L,
resulting in a quadratic equation in p, which shown as

B+2Ap-A=0 (17)

Solving equation (17) for p, the solutions are given as
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. A+ JAA+B
fi= B( ) (18)

The real values of [i exists if A (A + B)>0. For any combination of the
correlations that satisfies the above condition two real values of 1 are possible,

however only the value of [i that falls in the unit interval, 0<(A<1 is

admissible. Substituting this value of T (say o) from equation (18) in equation
(14), we have

A[A +p,B]

— g 19
n[A-I—péB] Y (19)

V(T), .=

4. Properties of the Estimator A

Since A, and A, are the simple linear regression and chain type regression
estimators respectively, they are biased for Y . Therefore, the resulting estimator

A defined in equation (4) is also a biased estimator of Y . The bias B (.) and mean
square error MSE (.) up to the first order of approximations and for large
population size (ignoring fpc) are derived under large sample approximations,
considering the following transformations:

?u:?(1+ e1)’ yln:?(l+e2)’

X
Syx (m)= Syx (l+ eS)= Sz (m)= Si (l+ eé) > SyZZj (u - Syz2j (1+ e7j) >
2

|
Il
ol
—
—
+
(¢
(98]
~—~—
ol
=1
I
ol
—
f—
+
(¢
S
~—

X

Sy (M) =S, (H e;j)’ S3y (1) =S5 (H e8j) , 8,5 (m) =S, (H e;j) ’
)

2 _ Q2 * = _ 7 = _7

s, ()= S, (H ewj) s Zoy = Ly (H elu)’ Zom = Ly (1+ enj)’

7= .(l+ ij), Elnjzzlj<1+ el4j) such that |ei|<1, .‘<l and ‘ezj‘<1 v

i=1,2,---,6;1=7,8,9,10,11,12,13,14;k=7,8,9,10and j=1, 2, - - -, p.
Under the above transformations A, and A, take the following forms:

R RIS SEASHIES (T R

A, = [?(H' e,) + Byx>_((63- e, eses- e,e5- €58t e e
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+Z{ ByiZ (121 C1p€ +e7je12j)

Z * *
+ szlj 1j Byx (elaj' €10i€13; T €9i€13~ €145~ €9i€14i T €14€10;

T €5€131= €5€14= €6€135T €€y )H 21)
Thus, we have the following theorems.

Theorem 4.1: B(A) =y B(A)) + (1-y)B(A,) (22)
where B = ( jzﬁyﬁ{ 0102 Csozom} (23)
ysz 72j
and B — izp:ﬁyzzj 00003 _ Coin + (i _ lj i C3goo ) Cain +

mi= S m n N S
Byx 5 BXZU ClllO _ CZ(;]O _ C02030 + CIOZO (24)
j=1 Syx Sx SZl_] szlj

where C,, ;= |:(Xi- )_()a (yi- ?)b (Zhj- ZU )c (ZZU- sz )dJ ; ((a,b,c,d)=>0are
integers), j=L2,---p.
Proof: B(A)=E[A-Y|=yB(A) + (1-y)B(A,)

where

B(A)=E[A, -Y]

p 10—
S Sl 3 7 (e )0

Expanding the right-hand side of the above expression binomially, taking
expectations and collecting the terms up to the order o(n™"), we have

B(AI) =_ (_ - _)ZBy22J|: 0102 _ (;02003} (25)
ysz z2j

Similarly,

B(A,) =E[A, - Y]
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- E[?(H_ ez) + Byxx(eﬁi_ €, €3€5-¢,85- €5, 6466)

+ Z{' Byz2j22j (em 12_]e ite elz_])

j=1

NI

+ szlj

.
i Byx (el3j' €10i€13; T €0i€13j~ C14i~ €oiC14

T €14i€10; T €537 €514~ €4€13;T €4Cyy )} - YJ
Again, expanding the right-hand side of the above expression binomially,

taking expectations and retaining the terms up to the first order of approximations,
we have

B(A2 (_ _ _jzﬂyﬁ{ S()(2)003 _ (;0102} + (L _ lj Byx {ngoo _ Cszloo}
z2j yz2j m n X yX

+B ZBXZU{ 110 _ Cszglo _ (;02030 + (S:mzo }} (26)

yx X zlj xzlj

Ignoring fpc, for sufficiently large population size in equations (25) and (26)
we get the expressions for the bias of the estimators A, A; and A, up to the first
order of approximations as shown in equations (22), (23) and (24) respectively.

Theorem 4.2: The mean square error of the estimator A of the population

mean Y , to the first order of approximations and ignoring fpc, is given by

M(A) =v*M(A,)+(1-v) M(A,) @7)
where M(4,) = L\ S, (28)
u
|1 11 )
and M(A,) = | —A+| — - —|B|S; (29)
m m n

Proof: By the definition of mean square error we have
M(A) =E[A-Y]= B[y(a-Y)+(1-v)(4,- V)]
= VM(A)+(1-y) M(A,) +2y(1-y)E[(A-Y)(A,-Y)]  0)

where M( EI:A Y] and M(A ) :E[AY?T
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Now, using the expressions given in equations (20) and (21), expanding
binomially, taking expectations, retaining the terms up to the first order of
approximations, we have the following results

1 1

MSE(A,) = (E - EJA S, 31)

1 1 I 1
MSE(A,)=||— - —|A+ —-—|B|S 32
(4,) Km Nj (m n” (32)

Now, ignoring fpc, we have
1
MSE(A,) = HA S, (33)
1 I 1 5
MSE(A,) =|—A+ — - —|B|S] (34)
m m n

Since the estimators A, and A, are biased estimators based on two

independent samples of sizes u and m respectively, for large population size we
have

E[(A-Y)(A,-Y)]=0 (35)

Substituting the values of MSE (A, ), MSE(4,) and E[ (A~ Y)(A,- Y]
from equations (33), (34) and (35) into equation (30) we get the value of
MSE (A) as shown in equation (27).

Remark 4.1 From equation (27), it is visible that the mean square error up to
the first order of approximations of the estimator A is exactly similar to that of the
variance of the estimator T in equations (5). This is one of the positive aspects of
the estimator A. The estimator A is based on sample estimates and up to the first
order of approximations; it is equally precise to that of estimator T.

5. Special Case

When the p-auxiliary variates are mutually uncorrelated, i.e.,
P =0Vi=1,2;j2k=1,2,---,p then the expression for the optimum

value of pu and V(T)Opt_* reduces to
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. -AT+£JA'(AT+B")

i= A (36)
B

and

A* |:A* + MOB*:' i

n[A"+pB] 7

(37)

V(T),- =
. D
where A =1- Zpizzj
=1

p p
and B = - p32/x (1 +zp72(zl]j+ 2 pyxZ(plej pyzlj+ pysz pszj_ pysz plej pszzlj) :
i=1 i=1

6. Efficiency Comparison

The percent relative efficiencies of T with respect to (i) 'y, , when there is no
matching and (i) Y= (p*yLl + (1- ol )?:n , when no additional auxiliary
information was used at any occasion, where y. =Yy, _+ B (X,-X,,), have been
obtained for different choices of the correlations involved. Since, y, and Y are

unbiased estimators of Y, following on the line of Sukhatme et al. (1984) the

variance of 'y, and the optimum variance of Y for large N are respectively given
by

V(?’n) = S?i (38)
V(?{)Opg - [1 (- P;)}% (39)

The percent relative efficiencies E; and E, of T (under optimal condition) with

_ v(¥)
B= ) 100 and By= — L
v(T),. V(T)

respect to y, and Y respectively are given by

=P

x100.

opt.*
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6.1.Empirical Study

The expressions of the optimum p (i.e. po) and the percent relative
efficiencies E; and E, are in terms of population correlation coefficients.
Therefore, the values of iy, E; and E, have been computed for different choices of
positive correlations. For empirical studies, cases of p = 1 and 2 auxiliary variates
have been considered.

Case 1: For p = 1, the values of A and B takes the form A=1 - pim and

B=- pf/x (1 + pi211)+ 2py, (plelpyzll T Px2iPyai = PyaiPsaiPaian ) For

convenience we assume P, = P,,o = Py,i; = Py = Py - Hencee, the values of A

and B becomes A=1-p; and B =- pix (1 + plz) + 2pyxp12 (2-p,o1,01 ), which

is the work of Priyanka (2008).
Case 2: For p = 2 and assuming that the two auxiliary variates are mutually

correlated i.e., p 4 # 0. The values of A and B are given by
— 1.2 2
A=1- Pya1™ Pyt 2py221py222p222221
and

_ 2 2 2
B= - Pyx (1+ Prn T plez)+ 2pyx (plelpyzll+ Py2iPxn1™ PyniPxa11P iz
T Pra12Pyaint PysaaPrsnn- py222px212p222212)

2
+ 2pyxple lpx212pzl 1212~ 4pyxpy221px212p221212
For convenience we assume
Pxzit = Px21 = Pyzit = Py1i T P2
Pxz12 T Pxz22 T Pyziz T Py = P3
and

Priz12 = Priz22 = Paizz = Paizar = Pas-

In the light of these assumptions, the values of A and B are given as
A=1-p3- p3+2p,psp,
and

B=-p (14 p3+ pi- 20,050, )+ 29, (203 P2PLatars T 203~ P3Poazsin™ 2P2P3Ps) -
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Substituting these values of A and B in equations (18) and (19), we have the
values of optimum p and V (T)Opt‘* respectively. For different choices of

correlations, Tables 1-3 show the optimum values of ie., W, and percent

relative efficiencies E, and E; of T (under optimal condition) with respect to 'y,

and Y respectively.

Table 1. Optimum values of p and Percent Relative Efficiencies of T with respect

toy, and Y
pz21211= 0.3, pz22z12= 0.4
P4 0.1 0.3 0.5
p3 P2 Pyx | Mo = E> Mo Es E> Mo = E>

04 | 05| 03 | 046 | 1449 | 1417 | 047 | 1314 128.3 | 047 | 1201 | 1174
06 | 045 | 1444 | 2992 | 047 | 1318 118.6 | 048 | 1214 | 109.2
09 | 049 | 1561 | 1120 | 0.51 142.6 1024 | 052 | 1315 *

07 | 03 | 040 | 1991 | 1945 | 043 | 1646 160.8 | 0.44 | 140.8 | 1375
06 | 038 | 187.7 | 168.9 | 0.41 157.6 141.8 | 041 | 136.5 | 122.8
09 | 039 | 1933 | 138.7 | 042 162.8 116.9 | 045 | 141.4 | 1015
09 | 03 | 025 | 5006 | 489.1 | 0.34 | 2753 | 269.0 | 0.38 | 196.6 | 192.1
06 | 022 | 4301 | 387.1 | 0.31 2455 | 2209 | 035 | 1798 | 161.8
09 | 021 | 4198 | 3014 | 030 | 2416 173.5 | 0.35 | 178.1 | 127.9
06 | 05| 03 | 042 | 1856 | 1813 | 0.44 153.9 150.3 | 0.45 | 131.8 | 128.7
06 | 040 | 1773 | 1596 | 043 | 149.2 1343 | 045 | 1294 | 116.5
09 | 042 | 1848 | 1327 | 044 | 156.0 112.0 | 047 | 1357 *

07 | 03 | 034 | 2919 | 2852 | 039 | 1959 1914 | 043 | 1495 | 146.0
06 | 030 | 262.7 | 2364 | 036 | 1817 163.5 | 040 | 141.7 | 127.5
09 | 031 | 262.7 | 188.6 | 0.37 | 18286 | 131.3 | 041 | 1434 | 103.0

09 | 03 * - - 028 | 370.7 | 362.1 | 037 | 200.1 | 195.5
0.6 ¥ - - 025 | 319.7 | 287.7 | 033 | 180.2 | 162.2
0.9 * - - 024 | 3082 | 2213 | 033 | 1758 | 126.2

08 | 05| 03 | 032 | 3381 | 3303 | 038 | 2175 | 2125 | 042 | 163.1 | 1594
06 | 028 | 301.3 | 271.2 | 035 | 2000 | 180.0 | 0.39 | 1535 | 138.2
09 | 029 | 3007 | 2159 | 035 | 2009 | 1443 | 039 | 155.1 | 1114

07 | 03 * - - 0.31 307.7 | 3006 | 039 | 1806 | 176.4
0.6 * - - 028 | 2702 | 2432 | 035 | 165.1 | 148.5
0.9 ¥ - - 0.27 | 263.1 188.9 | 0.35 | 1624 | 116.6
09 | 03 * - - * - - 0.33 | 243.7 | 238.1
0.6 * - - * - - 029 | 2127 | 1914
0.9 ¥ - - * - - 027 | 203.0 | 1457

Note: * denotes |\, does not exist and ** indicate no gain.
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Table 2. Optimum values of p and Percent Relative Efficiencies of T with respect

toy, and Y
pz21211= 0.7, pz22z12= 0.5
P4 0.1 0.3 0.5
p3 P2 Pyx | Mo = E> Mo E1 =) Mo = E2

04 | 05| 03 047 | 1482 | 1448 | 048 | 1341 | 131.0 | 048 | 1225 | 1196
0.6 048 | 1509 | 1358 | 049 | 1376 | 123.8 | 050 | 1265 | 113.8
0.9 054 | 170.7 | 1226 | 055 | 155.6 | 111.7 | 0.57 | 143.1 | 102.8

07 | 03 042 | 2084 | 2036 | 044 | 1716 | 1676 | 046 | 146.2 | 1428
0.6 041 | 203.7 | 1833 | 044 | 1701 | 1531 | 046 | 146.7 | 132.0
0.9 045 | 2231 | 160.2 | 048 | 186.5 | 1339 | 051 | 161.0 | 115.6

09 | 03 029 | 5522 | 5395 | 037 | 2981 | 2912 | 041 | 2105 | 205.6
0.6 025 | 4972 | 4475 | 034 | 2784 | 250.6 | 039 | 2015 | 1814
0.9 027 | 5251 | 3770 | 036 | 2943 | 2113 | 042 | 213.6 | 1534

06 | 05| 03 043 | 1909 | 1865 | 045 | 1579 | 1542 | 046 | 1349 | 131.8
0.6 042 | 186.7 | 168.0 | 045 | 156.6 | 1409 | 047 | 1355 | 121.9
0.9 046 | 2024 | 1453 | 048 | 170.0 | 1221 | 051 | 1473 | 105.8

07 | 03 | 036 | 3089 | 301.7 | 041 | 2054 | 200.7 | 044 | 1557 | 1521
06 | 034 | 2876 | 258.8 | 040 | 1969 | 1772 | 043 | 1525 | 1373
09 | 035 | 303.6 | 218.0 | 042 | 2085 | 149.7 | 046 | 162.0 | 116.3

09 | 03 * - - 0.31 | 405.1 | 3958 | 040 | 2145 | 209.5
0.6 * - - 028 | 3644 | 3280 | 037 | 201.5 | 181.4
0.9 * - - 029 | 3738 | 2684 | 0.38 | 208.0 | 1494

08 | 05| 03 033 | 3524 | 3443 | 039 | 2251 | 2199 | 043 | 168.1 | 164.2
0.6 031 | 3213 | 289.2 | 037 | 211.7 | 190.6 | 041 | 161.7 | 1455
0.9 032 | 3323 | 2386 | 038 | 2199 | 1579 | 043 | 1686 | 121.1

07 | 03 * - - 0.34 | 326.7 | 319.1 | 041 | 1894 | 1851
0.6 * - - 030 | 2958 | 266.2 | 0.38 | 178.5 | 160.6
0.9 * - - 0.31 | 3008 | 2159 | 0.39 | 1828 | 131.3
09 | 03 * - - * - - 036 | 263.1 | 257.0
0.6 * - - * - - 032 | 2384 | 2146
0.9 * - - * - - 032 | 2386 | 1713

Note: * denotes |\, does not exist.
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Table 3. Optimum values of p and Percent Relative Efficiencies of T with respect

toy, and Y
Pz21211= 0.9, pz22212= 0.8
P 0.1 03 05
3 [ Pyx | Mo E1 E> Ho Eq E2 Mo Eq E2

04 | 05| 03 | 048 | 15611 | 1477 | 048 | 136.6 | 1334 | 049 | 1246 | 1217
06 | 049 | 1575 | 1418 | 051 | 1433 | 1290 | 052 | 1316 | 1184
09 | 059 | 1893 | 1359 | 061 | 1719 | 1234 | 0.62 | 1576 | 1131

07 | 03 044 | 2158 | 2109 | 046 | 177.0 | 173.0 | 047 | 1504 | 146.9
0.6 044 | 2182 | 1964 | 047 | 1814 | 1632 | 049 | 1558 | 140.2
0.9 053 | 259.1 | 186.0 | 0.56 | 2146 | 1541 | 0.58 | 183.9 | 132.0
09 | 03 030 | 5949 | 581.2 | 039 | 316.0 | 308.8 | 043 | 2211 | 216.0
0.6 029 | 562.0 | 5058 | 0.38 | 308.9 | 278.0 | 043 | 221.2 | 199.1
0.9 0.34 | 6666 | 4786 | 044 | 361.0 | 2591 | 0.50 | 256.9 | 184.4

06 | 05| 03 | 044 | 1979 | 1933 | 046 | 163.0 | 159.2 | 048 | 1388 | 1356
06 | 046 | 2003 | 180.3 | 0.48 | 167.2 | 150.5 | 0.50 | 144.1 | 129.7
09 | 053 | 2347 | 1685 | 0.56 | 1955 | 140.3 | 0.58 | 168.1 | 120.7

07 | 03 038 | 3273 | 3198 | 043 | 2154 | 2104 | 046 | 1622 | 158.4
0.6 037 | 3186 | 286.7 | 043 | 2154 | 1939 | 047 | 1654 | 1489
0.9 043 | 3704 | 2659 | 050 | 248.8 | 178.6 | 0.54 | 190.6 | 136.8

09 | 03 * - - 0.34 | 4398 | 4297 | 042 | 2282 | 222.9
0.6 * - - 032 | 4170 | 3753 | 042 | 2254 | 202.9
0.9 * - - 037 | 477.0 | 3425 | 047 | 255.7 | 183.6

08 | 05| 03 036 | 378.1 | 369.3 | 042 | 2384 | 2329 | 045 | 1765 | 1724
0.6 034 | 3616 | 3254 | 041 | 2348 | 211.3 | 045 | 1775 | 159.8
0.9 039 | 4126 | 2962 | 047 | 2664 | 191.3 | 051 | 201.1 | 1444

07 | 03 * - - 0.36 | 353.7 | 3456 | 043 | 2014 | 196.8
0.6 * - - 0.35 | 3375 | 3038 | 043 | 199.6 | 179.6
0.9 * - - 039 | 3794 | 2724 | 048 | 2235 | 1604
09 | 03 * - - * - - 039 | 2866 | 280.0
0.6 * - - * - - 037 | 2750 | 2475
0.9 * - - * - - 041 | 3037 | 2181

Note: * denotes |\, does not exist.
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Case3: For p = 2 and assuming that the two auxiliary variates are mutually
uncorrelated i.e., p;,y =0 . The values of A"and B are given by

A" =1-p;-p;

and B' =- (14 p3+ p3 )+ 2p,, (203- P3P.atur * 203+ P3P o2tz
Substituting A" and B” in equations (36) and (37), Tables 4 — 6, show the

optimum values of p, percent relative efficiencies E, and E, for different choices
of correlations under the present assumption.

Table 4. Optimum values of p and Percent Relative Efficiencies of T with respect

to ¥, and Y when auxiliary variates are uncorrelated

Pz22212 = 0.3
Pz21z11 0.2 0.5 0.8
p3 | p2 Pyx | Mo = E2 Mo E1 =) Mo = =)
04 |05 0.3 0.45 151.8 148.3 | 045 | 154.0 | 1505 | 046 | 1564 | 152.7
0.6 0.44 1495 | 1345 | 045 | 153.6 | 138.3 | 047 | 1583 | 1425
0.9 0.47 159.5 | 1145 | 050 | 167.9 | 120.5 | 0.53 | 1784 | 128.1
0.7 0.3 0.38 2199 | 2149 | 040 | 2270 | 221.8 | 041 | 2350 | 229.6
0.6 0.36 203.7 183.3 | 0.38 | 214.8 | 193.3 | 040 | 2285 | 205.7
0.9 0.36 206.6 1484 | 0.39 | 2253 | 161.8 | 044 | 252.1 181.0
0.9 0.3 0.16 | 1033.8 | 1010.0 | 0.17 | 1114.3 | 1088.6 | 0.18 | 1219.0 | 1191.0
0.6 0.13 852.1 766.9 | 0.14 | 943.0 | 8487 | 0.16 | 1073.9 | 966.5
0.9 0.12 8146 | 584.8 | 0.14 | 9409 | 6755 | 0.17 | 11618 | 834.1
0.6 | 05 0.3 0.40 2048 | 200.1 | 0.41 | 208.0 | 2032 | 041 | 2114 | 206.6
0.6 0.37 192.2 173.0 | 039 | 1975 | 177.7 | 040 | 203.2 | 1829
0.9 0.38 197.3 197.3 | 040 | 206.2 | 148.0 | 042 | 216.8 | 155.6
0.7 0.3 0.29 3896 | 380.7 | 0.30 | 4044 | 3950 | 0.32 | 4212 | 4115
0.6 0.26 3404 | 306.3 | 0.27 | 359.5 | 3236 | 0.29 | 3829 | 3446
0.9 0.25 3342 | 2399 | 027 | 3625 | 260.2 | 0.30 | 4009 | 287.8

0.9 0.3 - - - - - -
0.6 * — _ * _ — * — -
09 * _ _ * _ _ * _ _

08 |05 0.3 0.26 4784 | 4674 | 027 | 4879 | 476.7 | 0.27 | 4981 | 486.6
0.6 0.23 4128 | 3715 | 023 | 4246 | 3821 | 0.24 | 4375 | 3938
0.9 0.22 404.0 | 2901 | 023 | 420.9 | 3022 | 0.24 | 440.3 | 316.1

07| 03 - - - - - -
08 ) _ _ ) _ _ ) _ _
09 ) _ _ ) _ _ ) _ _
09| 03 - - - - - - * - -
08 ) _ _ ) _ _ ) _ _
09 ) _ _ ) _ _ ) _ _

Note: * denotes |\, does not exist.
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Table 5. Optimum values of p and Percent Relative Efficiencies of T with respect

to y, and Y when auxiliary variates are uncorrelated

Pz22212 = 0.5
Pz21211 0.2 0.5 0.8
p3 P2 | pyx ! Mo = E2 Mo E1 =) Mo = E2
04 05| 03 | 045 | 1527 1492 | 046 | 1549 1514 | 046 | 157.3 153.7
06 | 045 | 151.2 136.1 | 0.46 | 155.6 140.0 | 047 | 160.5 144 .4
09 | 048 | 1629 116.9 | 051 | 172.1 1236 | 054 | 1839 132.0
07| 03 | 039 | 2214 | 2163 | 040 | 2287 | 2234 | 041 | 2369 | 2314
06 | 036 | 2059 185.3 | 0.38 | 217.6 195.8 | 041 | 2320 | 208.8
09 | 037 | 210.2 150.9 | 0.40 | 230.2 165.3 | 045 | 259.8 186.5
09 | 03 | 016 | 1043.3 | 1019.3 | 0.17 | 1126.4 | 1100.5 | 0.19 | 12353 | 1206.9
06 | 013 | 8625 | 776.3 | 0.14 | 9574 | 861.7 | 0.16 | 1095.9 | 986.3
09 | 012 | 8282 | 5946 | 0.14 | 9626 | 691.1 | 0.18 | 12053 | 865.4
06 | 05| 03 | 041 | 2079 | 2031 | 041 | 2113 | 2064 | 042 | 2149 | 210.0
06 | 038 | 197.2 177.5 | 0.40 | 203.0 182.7 | 041 | 2094 188.5
09 | 040 | 2058 1478 | 042 | 216.3 155.3 | 045 | 229.1 164.5
07| 03 | 030 | 396.6 | 3875 | 0.31 | 4123 | 4028 | 032 | 4304 | 4205
06 | 026 | 3493 | 3144 | 028 | 3704 | 3333 | 030 | 396.5 | 356.8
09 | 026 | 347.1 2492 | 028 | 379.7 | 2726 | 032 | 4257 | 305.6

09| 03 * - - * - - * - -
0.6 * - - * - - * - -
0.9 * — _ * _ - * - _

08|05 | 03 | 027 | 4950 | 4836 | 028 | 505.7 | 4941 | 0.28 | 517.2 | 505.3
06 | 024 | 4336 | 3902 | 025 | 4476 | 4028 | 0.25 | 463.1 416.8
09 | 024 | 4343 | 3118 | 025 | 4559 | 3273 | 0.26 | 481.6 | 345.8

07| 03 | * - - * - - * - -
06 | _ _ ) _ _ ) _ _
09 | + _ _ . _ _ ) _ _
09| 03 | * - - * - - * - -
06 |+ _ _ ) _ _ ) _ _
0g | _ _ ) _ _ ) _ _

Note: * denotes |\, does not exist.
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Table 6. Optimum values of p and Percent Relative Efficiencies of T with respect

to y, and Y when auxiliary variates are uncorrelated

Pz22212 = 0.9
Pz21211 0.2 0.5 0.8
p3 P2 | pyx ! Mo = E2 Mo E1 =) Mo = E2
04 | 05| 03 | 046 | 1546 1511 | 046 | 156.9 153.3 | 047 | 1594 155.7
06 | 046 | 1549 1394 | 047 | 159.7 143.7 | 049 | 165.1 148.6
09 | 050 | 170.6 1225 | 0.54 | 1819 1306 | 058 | 197.2 141.6
07| 03 | 039 | 2245 | 2193 | 041 | 2321 2268 | 042 | 2408 | 2352
06 | 037 | 210.7 1896 | 0.39 | 2234 | 2011 | 042 | 2394 | 2155
09 | 038 | 218.1 156.6 | 042 | 2415 1734 | 049 | 2782 199.8
09| 03 | 016 | 1063.3 | 1038.8 | 0.17 | 11521 | 1125.6 | 0.19 | 1270.2 | 1240.9
06 | 013 | 8846 | 7962 | 0.15 | 9885 | 889.6 | 0.17 | 11445 | 10301
09 | 013 | 8579 | 6159 | 0.15 | 1011.3 | 726.1 | 0.20 | 1311.0 | 941.2
06 | 05| 03 | 042 | 2146 | 209.7 | 043 | 2185 | 2135 | 043 | 2226 | 2175
06 | 041 | 2089 188.0 | 042 | 216.1 1945 | 044 | 2243 | 201.8
09 | 044 | 2280 163.7 | 048 | 2440 1751 | 052 | 2654 190.6
07| 03 | 031 | 4120 | 4025 | 0.32 | 430.0 | 4201 | 0.34 | 4511 440.7
06 | 028 | 3699 | 3330 | 030 | 3959 | 356.3 | 0.32 | 4294 386.4
09 | 028 | 3789 | 2720 | 0.32 | 4246 | 3048 | 0.37 | 4978 | 3574

09| 03 * - - * - - * - -
0.6 * - - * - - * - -
0.9 * — _ * _ - * - _

08 05| 03 | 029 | 5351 5228 | 0.30 | 549.2 | 536.5 | 0.31 | 564.6 | 551.6
06 | 027 | 4886 | 439.8 | 028 | 509.8 | 4589 | 0.29 | 5345 | 4811
09 | 027 | 528.1 3792 | 031 | 5723 | 4109 | 035 | 6326 | 454.2

07| 03 | * - - * - - * - -
06 | _ _ ) _ _ ) _ _
09 | + _ _ . _ _ ) _ _
09| 03 | * - - * - - * - -
06 |+ _ _ ) _ _ ) _ _
0g | _ _ ) _ _ ) _ _

Note: * denotes uy does not exist.
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7. Discussion and Conclusion

Following conclusions can be made from the Tables 1-6:

1. For fixed values of pyy, paizi1, Pr22z12, p3 and ps, the values of p, decrease
with the increase in the values of p, and the values of E; and E, increase with the
increase in the values of p,. Similar trends are visible for increasing values of ps3
and p, provided other correlations are fixed. This pattern indicates that smaller
fresh sample is required at current occasion, if highly correlated auxiliary variates
are available. The increase in precision indicates the efficient utilization of
available auxiliary variates.

2. For fixed values of pa, pris1, P22s12, P3 and pg, the values of p first
decrease and then increase with the increase in the values of py, however the
values of E; and E, decrease uniformly with the increase in the values of py,.

3. For fixed values of p,, ps, ps and pyy, it is observed that the values of g E;
and E, increase with the increase in the values of p,1,1; and p,2y,12. This indicates
that higher mutual correlation between the auxiliary variates results in increase in
precision of estimates at current occasion.

4. A close perusal of Tables 1-3, revels that p, attains the minimum value of
0.21 if two dynamic auxiliary variates are used. However, if only one dynamic
auxiliary variate is considered, the minimum value acquired by po is 0.2729
(Priyanka (2008)).This indicates that use of more than one dynamic auxiliary
variate is fruitful in sampling on two occasions.

5. From Tables 4-6, i.e., when the auxiliary variates are mutually
uncorrelated, it is observed that the precision of estimates increases much more as
compared to the situation when the auxiliary variates are mutually correlated. The
minimum value attained by p, for this case is 0.12, which is very low as compared
to the previous situation. Hence, the cost of survey will reduce to a greater extent.

Maximum gain and minimum |, is observed for higher values of p,. Hence,
the use of varying (dynamic) p-auxiliary variates is highly advantageous in terms
of the proposed estimators. They not only provide estimates with increased
accuracy but also tremendously reduce the cost of the survey. Thus, the proposed
estimators may be recommended for its further practical use.
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